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A two-ve loc i ty  and t ~ , o - t e m p e r a t u r e  model  i s  cons ide red  for  a continuous medium in r e l a t i on  
to the flow of a mix tu re  of gas  and p a r t i c l e s  in the subsonic ,  t r a n s s o n i c ,  and supe r son ic  p a r t s  
of a Laval  nozzle .  It is  a s sumed  that  the p a r t i c l e s  a r e  smal l ,  and hence that the coeff ic ients  
qJf and q~q, which define the in t e rac t ion  with the gas ,  a r e  l a r g e  (these coef f ic ien ts  a r e  i n v e r s e -  
ly proport ional  to the square  of the p a r t i c l e  r a d i u s  for  a Stokes mode of flow). This  m e a n s  
that the ve loc i ty  or  t h e r m a l  lag of the p a r t i c l e s  r e l a t i ve  to the gas  is  sma l l .  The solut ion i s  
sought as  expans ions  with r e s p e c t  to the smal l  p a r a m e t e r s  el = 1/q~f and a 2 = 1/qN. 

The f i r s t  p roblem is  one of spec ia l  p e r t u r b a t i o n s ,  which a r i s e  from the fo rmat ion  of a l aye r  of pure 
gas  near  the wall on account of p a r t i c l e  lag; if ~ 0. the th ickness  of th is  l a y e r  tends to ze ro ,  but the di f -  
f e rence  in the va lues  of the gas  p a r a m e t e r  at the wall and at the boundary of the l aye r  r e m a i n s  finite. 
Equat ions a re  de r ived  that d e s c r i b e  with a c c u r a c i e s  aj and ~2 the flow of the m i x t u r e  of gas  and p a r t i c l e s  
at the core ,  together  with equat ions  that define the gas  p a r a m e t e r s  in the wall l aye r .  It i s  found that th is  
l aye r  r e s e m b l e s  an o r d i n a r y  boundary l aye r  in that  the p r e s s u r e  change a c r o s s  it i s  a quantity of higher  
o r d e r  than the change in the o ther  p a r a m e t e r s .  To solve the equations that  define the c h a r a c t e r i s t i c s  of 
the mix tu r e  at the core ,  use is  made  of an expansion with r e s p e c t  to the smal l  p a r a m e t e r  ~ = I/R, where  R 
is  the r ad ius  of cu rva tu re  of the nozzle wall  in the m i n i m a l  c r o s s  sect ion,  as  r e f e r r e d  to the r ad ius  at that  
section.  

The two-phase  flow in a Laval  nozzle  has  been cons ide red  [1-3] in the one -d imens iona l  approximat ion  
by expansion ~4th r e s p e c t  to a I and ~2 for one of these  p a r a m e t e r s ;  the expansion with r e s p e c t  to a used 
here  is  analogous to the method of [4] for  solving p r o b l e m s  in the theory  of Laval  nozzles  for  pure  gas .  
Exact  published r e s u l t s  a r e  ava i lab le  within the f r amework  of the two-l iquid model  for the flow of a m i x -  
ture  of gas  and p a r t i c l e s ,  but these  a r e  r e s t r i c t e d  to the supe r son ic  pa r t  of the nozzle ,  where the p a r a m e -  
t e r s  of the gas  and p a r t i c l e s  a r e  de r ived  by the d i r e c t  methods  of c h a r a c t e r i s t i c s  [5-11] or  by i n v e r s e  m e t h -  
ods [12-14]. 

On the o ther  hand, we a re  not aware  of any p a p e r s  in which solut ions  have been obtained for  the theory  
of Laval  nozz les  for  nonequi l ibr ium two-phase  flow for the supe r son ic  and subsonic  or  t r a n s s o n i c  p a r t s  
without involving addit ional  a s sumpt ions ;  of the ava i lab le  approx imate  app roaches ,  we may note the ve ry  
widely used method of in tegra t ing  the equat ions  of energy  and motion for the p a r t i c l e s  (these equat ions  a r e  
ones  in total  d e r i v a t i v e s  along the p a r t i c l e  flow l ines) ,  which a r e  used for  the equi l ib r ium p a r a m e t e r s  of 
the mix tu r e  [15], while there  i s  a lso  the method of [16], in which it was a s sumed  that the d i s t r i b u t i o n s  of 
the p r e s s u r e  and the incl inat ion of the gas  ve loc i ty  vec to r  a re  the same for the equi l ib r ium and nonequi l ib r i -  
um two-phase  flows. There  is  some jus t i f i ca t ion  for  using these  approx imate  app roaches  for compara t ive ly  
smal l  r e l a t i v e  flow r a t e s  of the p a r t i c l e s ,  but at high r e l a t i v e  flow r a t e s  the a s sumpt ions  may involve sub- 
s tant ia l  e r r o r s .  

The p r e s e n c e  of a l a y e r  of pure  gas  nea r  the wall  a lso  h inde r s  the formula t ion  and solution of the 
i nve r se  p rob lem,  while the method of [17-19], which is  ve ry  effect ive for a pure gas ,  becomes  diff icul t  to 
use  when the re  i s  l i t t le  pa r t i c l e  lag and the l aye r  is  thin. It may  be that the r e l a t i o n s h i p s  de r ived  below 

Moscow. T r a n s l a t e d  from Zhurnal  P r ik ladno i  Mekhaniki i Tekhnicheskoi  F i z i k i ,  No. 4, pp. 89-100, 
Ju ly -Augus t ,  1973. Original  a r t i c l e  submit ted  July 3, 1972. 

�9 19 75 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission of  the publisher. A copy o f  this article is available from the publisher for $15.00. 

509 



for  the wal l  l a y e r  should be u sed  in con junc t ion  with the m e t h o d s  noted above .  In th i s  connec t ion  we m u s t  
s t r e s s  tha t  t h e s e  r e l a t i o n s h i p s  app ly  fo r  any el when the l a y e r  i s  thin by c o m p a r i s o n  with the  c h a r a c t e r i s t i c  
d i m e n s i o n  of the nozz le .  T h i s  a r i s e s  b e c a u s e  a t a p p e a r s  in the e q u a t i o n s  only v ia  the  t h i c k n e s s  of  the l a y e r  
when t h e r e  a r e  no p a r t i c l e s ,  and t h i s  t h i c k n e s s ,  a s  we sha l l  s ee ,  i s  p r o p o r t i o n a l  to a t when the p a r t i c l e  l ag  
i s  s m a l l .  

1. We use  a r e c t a n g u l a r  o r  c y l i n d r i c a l  s y s t e m  of c o o r d i n a t e s  to c o n s i d e r  the  f low of g a s  m i x e d  with 
p a r t i c l e s  in a p l a n a r  o r  a x i a l l y  s y m m e t r i c a l  Lava l  nozz l e  (Fig .  1). We loca t e  the o r i g i n  in the  p l ane  of  
m i n i m u m  c r o s s  s ec t i on  of the  n o z z l e ,  with the  x ax i s  d i r e c t e d  f rom lef t  to r i g h t  (along the flow) a long  the 
ax i s  o r  s y m m e t r y  p l ane ,  whi le  the y ax i s  i s  p e r p e n d i c u l a r  to the x ax i s .  If t h e r e  a r e  no e x t e r n a l  s o u r c e s  
of hea t  o r  f o r c e ,  and i f  we neg l ec t  the v o l u m e  of the p a r t i c l e s ,  we ge t  the fo l lowing  e q u a t i o n s  for  the  f low 
within  the f r a m e w o r k  of the  two- f lu id  m o d e l  [5-14,  20]: 

Ou , 3u ! OP Ps 
U-~-TV-5-~ ~ p O x - ~ - - - ~ ' ( u - - u . ) = : O  

Ov Ov , t O p ,u s ! 
u ~ +v-~?~j -~---~--g~/j .§ - 7  ~ ( v -  v~) = 0 

Ox ' Oy + v -= 0 

Oh , Oh u Dp v 6,0 Ps [ q j ( l t _ _ ~ Z s ) Z _ ! _ ~ l ( V _ _ v s ) 2  l _ q ) q ( T s _ _ T ) }  _ _ 0  
u - - ~ - V O y  p Oz p O q 9 ' (1.1) 

Ou Ou Ov O v 
u , - - g ; - 4 v , - - ~ - - - ~ ' ( u - - u , ) ,  u , - - ~  + , ov 

Oe Oe s Opd q Op v psvs u ._-L ' ~q (T T~) 
a~ - . t - ~ + ~ '  ,t = 0 ,  ~ o~ -rv,-N-.,/ = - -  

p = p T ,  h =  x T, e~= ST, 

He re  p i s  p r e s s u r e ,  h i s  s p e c i f i c  en tha lpy ,  T i s  t e m p e r a t u r e ,  p i s  d e n s i t y ,  u and v a r e  the p r o j e c t i o n s  
of  the g a s  v e l o c i t y  v e c t o r  on the x and y a x e s ,  T s , P  s ,  u s ,  and v s a r e  the c o r r e s p o n d i n g  q u a n t i t i e s  fo r  the 
p a r t i c l e s ,  e s i s  the  s p e c i f i c  i n t e r n a l  e n e r g y  of  the  p a r t i c l e s ,  and the c o e f f i c i e n t s  q0f and q~q, which  we take  
to be c o n s t a n t s ,  which c o r r e s p o n d s  to S tokes  f low a round  each  p a r t i c l e ,  c h a r a c t e r i z e  the  d y n a m i c  and t h e r m  
al i n t e r a c t i o n  be tween  the g a s  and the p a r t i c l e s ;  v = 0 o r  1 r e s p e c t i v e l y  in the  p l a n a r  and a x i a l l y  s y m m e t r i -  
cal  c a s e s .  We a s s u m e  tha t  the g a s  i s  p e r f e c t ,  with cons t an t  s p e c i f i c  h e a t s  and r a t i o  x ,  whi l e  the i n t e r n a l  
e n e r g y  of  the  p a r t i c l e s  i s  a l i n e a r  funct ion of  the  t e m p e r a t u r e  (5 i s  a cons tan t  equa l  to the  s p e c i f i c  hea t  of 
the  p a r t i c l e s ) .  

Al l  the  q u a n t i t i e s  a r e  t aken  a s  d i m e n s i o n l e s s  in (1.1) and subsequen t ly .  Le t  L, q . ,  and P. be c h a r a c -  
t e r i s t i c  q u a n t i t i e s  with the  d i m e n s i o n s  of length ,  v e l o c i t y ,  and d e n s i t y ,  whi l e  R i s  the d i m e n s i o n a l  v a l u e  of 
the  g a s  cons tan t .  Then we p e r f o r m  the r e d u c t i o n  to d i m e n s i o n l e s s  fo rm by r e f e r r i n g  the s p a t i a l  v a r i a b l e s  
to L, the v e l o c i t i e s  to q, ,  the  d e n s i t i e s  to p,, the  p r e s s u r e s  to p ,q ,2 ,  the en tha lpy  and i n t e r n a l  e n e r g y  to q.2,  
the  t e m p e r a t u r e  to q . 2 / R ,  and the s p e c i f i c  hea t  of the p a r t i c l e s  to R.  As L we t ake  the r a d i u s  o r  ha l f  he igh t  
of  the  m i n i m a l  s ec t i on  of the  n o z z l e ,  wh i l e  a s  q .  and p.  we take  the  c r i t i c a l  v e l o c i t y  and d e n s i t y  for  the  
e q u i l i b r i u m  f low,  i . e . ,  f low wi thout  p a r t i c l e  l ag ,  w h e r e  u s - u, v s -= v,  and T s -= T. 

The  b o u n d a r y  cond i t ions  fo r  (1.1) a r e  the  condi t ion  fo r  a b s e n c e  of f low at the  wa l l ,  which i s  s p e c i f i e d  
by  the equa t ion  y =  Yw(X), and the s y m m e t r y  condi t ion  fo r  y =  0, t h e s e  taking the fo rm 

v (x, y~) = y~' (x) u (z, y,,), v (x, 0) = 0 (1.2) 

and 

u~=~u, v s = v ,  T s = T  (x--.--oo) (1.3) 

F i g .  1 

The  p r i m e  in (1.2) and s u b s e q u e n t l y  d e n o t e s  the to ta l  d e r i v a t i v e  wi th  
r e s p e c t  to the  c o r r e s p o n d i n g  a r g u m e n t  tin th i s  c a s e  x).  

Equa t ion  (1.3) a p p l i e s  when the nozz l e  i s  j o ined  on the l e f t  to a s e m i -  
in f in i t e  c y l i n d r i c a l  tube (he re  the v e r t i c a l  c o m p o n e n t s  of the  v e l o c i t i e s  of 
g a s  and p a r t i c l e s  tend  to z e r o ,  whi le  the  l i m i t i n g  v a l u e s  of  the  h o r i z o n t a l  
c o m p o n e n t s  d i f f e r  f r o m  ze ro )  and when the nozz l e  e x p a n d s  wi thout  l i m i t  
fo r  x ~  -oo  (then both c o m p o n e n t s  of the  v e l o c i t i e s  tend  to z e r o ) .  A p a r t  
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f rom (1.2) and (1.3), we have  to s p e c i f y  the  e n t r o p y  and to ta l  en tha lpy ,  and a l s o  the d e n s i t y  r a t i o  of the  p a r t -  
i c l e s  and g a s  ~Ps/p)  at  the  i n l e t  to the  n o z z l e  (for  x - - - ~ ) .  We r e s t r i c t  o u r s e l v e s  to the  c a s e  w h e r e  t h e s e  
q u a n t i t i e s  a r e  cons t an t  o v e r  the  c r o s s  s e c t i o n  ta un i fo rm  flow at the  inlet )  and t ake  a c c oun t  of  the  cho ice  
of  q .  and p .  to w r i t e  t h e s e  c o n d i t i o n s  in the fo rm 

• _t -  q ~  x e 4 -  t 

(%-- l )p~ ' 2 2 ( •  - - 1 )  ' 

9,~ t - -  m 
,~ m (z . . . . .  oc) 

( , % = p - i - ~ ,  q=(u~ : v')") 

p 1 

( p ~ ) ~ e  X e 

t l .4 )  

I I e r e  P2 i s  the to ta l  d e n s i t y  of the  m i x t u r e ,  whi le  q i s  the  m o d u l u s  of  the v e l o c i t y  (q t e n d s  to u o r  to 
0 fo r  x - - -  ~ ) ,  m is  a s p e c i f i e d  c o n s t a n t  t ha t  does  not  e x c e e d  un i ty  (gas f low rate), and ~'~e is  the  a d i a -  
b a t i e  p a r a m e t e r  of the  e q u i l i b r i u m  t w o - p h a s e  m i x t u r e :  

! x 1 - . -  m 5 !  
X e  ' -  ~ - -  I I'k::t - : ~ - - -  1 ' t n  ] 

2. If q,f i s  f in i t e ,  a l a y e r  f r e e  f rom p a r t i c l e s  i s  f o r m e d  n e a r  convex  p a r t s  of  the wa l l  on accoun t  of 
p a r t i c l e  lag ,  t h i s  l a y e r  be ing  bounded at  the top by the wal l  of  the  noz z l e ,  at which cond i t ion  (1.2) i s  o b e y e d  
for  the  gas .  D o w n w a r d s ,  t h i s  l a y e r  of  p u r e  g a s  i s  bounded by the  l ine  y = YdtX). which i s  the l i m i t i n g  c u r r e n t  
l ine  for  the p a r t i c l e s ,  which i s  shown in F i g .  1 a s  a b r o k e n  l ine  de f ined  by the equa t ion  

g,/ = (v~ / u,h (2.1) 

He re  the s u b s c r i p t  d d e n o t e s  the  p a r a m e t e r s  on the s e p a r a t i o n  l ine .  In the g e n e r a l  c a s e ,  the p r o p e r -  
t i e s  of s y s t e m  (1.1) m e a n  tha t  Ps c h a n g e s  a b r u p t l y  on p a s s i n g  th rough  t h i s  b o u n d a r y  f rom s o m e  f in i t e  v a l u e  
to z e r o ,  which l e a d s  to d i s c o n t i n u i t y  in the  f i r s t  d e r i v a t i v e s  for  the g a s  p a r a m e t e r s .  We sha l l  s e e  be low 
tha t  the  g a s  e n t e r s  the wa l l  l a y e r  and t h i c k e n s  i t  when the p a r t i c l e  l ag  i s  s m a l l  n e a r  the  convex  p a r t  [yw"(X) 
>-0]. 

To d e s c r i b e  the  flow in the  r e g i o n  f r e e  f rom p a r t i c l e s  we use  a c o o r d i n a t e  s y s t e m  l inked  to the  con-  
t o u r  of the n o z z l e s  ~'n, w h e r e  T l i e s  a long  the wal l  ( f rom lef t  to r i gh t ,  a s  sho~n  in F i g .  1), whi le  n l i e s  a long  
the n o r m a l  to the l a t t e r  into the  ga s .  If cr i s  the  ang le  be tween  the i n t e r n a l  n o r m a l  to the  con tour  ( i . e . , - n )  
and the y a x i s ,  then the r e l a t i o n  behveen  x,  y,  T, and n i s  

x = z ~  (~) -F n sin a, y y~ (T) --  ncos o 

d z  w d Y  w 
aT = c o s ~ : ( l  i-g J ) " ,  d~ = s i a z ~ g ~ ' c o s z  

(2.2) 

The  fo l lowing  f o r m u l a s  r e l a t e  the p r o j e c t i o n s  of u, v and U, V of the g a s  v e l o c i t y  v e c t o r  in the xy and ~n 
s y s t e m s  r e s p e c t i v e l y :  

I,: - u c o s  o ~ -  v s i n  c~, V : u s i n  0 - -  v c o s  ,~ 

u = -  U c o s o  - -  V s i n  cy, t : -  U s i n  (~ - -  V c o s o  

Then t h e s e  r e l a t i o n s h i p s  g ive  the fo l lowing  fo rm to the e q u a t i o n s  d e s c r i b i n g  the g a s  f low in the wa l l  
l a y e r  w h e r e  P s -  0: 

U aU _ _ V ( t  ~- al /  t a p  0 - a T  �9 n K ) ~ . - ~  U V K  i p & - 

o v  ' V ( I = , -  o v  1 - ;  n Z  Of _. 0 
U --FU T n K )  ~-n - -  U ~ K  ' ~ 0,~ 

U Oh ' n K )  Oh U ap V ( l - :  nK)  Op 0 ( 2 . 3 )  
+-7+- --  V (1 -i- a,~ ~ or o on 

o (g"oU) " o ' +%" ) , -r--~7,~ [ g ~ ( l - ! - n K ) p V l  = 0  ( K =  , . , .  
(1 ~ - g w - )  " ' 

Here  K i s  the  c u r v a t u r e  of  the n o z z l e  wa l l .  

F r o m  the  f i r s t  t h r e e  e q u a t i o n s  of t2.3) we ob ta in  in the  u s u a l  way the  condi t ion  for  c o n f i r m a t i o n  of  the 
to ta l  e n t h a l p y ,  whi l e  the  t h i r d  equa t ion  i s  u s e d  with the  d e f i n i t i o n  of e n t r o p y  and the a b s e n c e  of  i r r e v e r s i b l e  
p r o c e s s e s  in the wa l l  l a y e r  to d e r i v e  the e n t r o p y  c o n s e r v a t i o n  cond i t ion  a long  each  c u r r e n t  l ine:  
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2hq-  U 2 -  V 2 - -  2 H ( ~ ) ,  s =  S(~) (2.4) 

Here  s is  the spec i f ic  en t ropy  of the gas ,  which is  a known function of  p and P, while the c u r r e n t  func- 
tion r is defined by the fol lowing d i f fe ren t ia l  equat ion in a c c o r d a n c e  with the las t  equation in (2.3): 

d ~  -- - -  c y ' p U d n  + cy ~ (1 -:- n K )  p V d T  (2.5) 

and by spec i f ica t ion  of the c u r r e n t  function Cw at the wall ;  the funct ions  H(~) and S(r a re  d e t e r m i n e d  by the 
total  enthalpy and en t ropy  at the point  of  i n t e r s ec t i on  of the given c u r r e n t  l ine with the i n t e r f ace .  The con-  
stant  c in (2.5) is bes t  taken such that  r  is unity when r equals  0 at the s y m m e t r y  axis .  

In the new va r i ab le s ,  the condit ion fo r  absence  of flow at the nozzle  wall .  i .e . ,  the f i r s t  equat ion f rom 
(1.2), is wr i t ten  in the form 

V~-  v (r, 0) = 0 (2.6) 

3. The solut ion to (1.1) that  d e s c r i b e s  the flow of the two-phase  m i x t u r e  outs ide  the wall l aye r  of  
pure  gas  will be de r ived  by expanding all the dependent  v a r i a b l e s  with r e s p e c t  to the p a r a m e t e r s  el= ] / ~ f  
and ~ =  1/q~q; the c o r r e s p o n d i n g  expans ions  a re  taken in the  form 

o) = ( 0 ~ +  A ~ o "  . . . ,  p = p , ( l  -t- A p T  ...) 

p~ ~- p,, (I -- Ap.~ -~- ...) 
(3.1) 

where  w is any p a r a m e t e r  o the r  t h a n p  and Ps; A ~ =  e ~ +  ~2~02, and the se t s  of t h r ee  dots  denote  t e r m s  of 
h igher  o r d e r  of s m a l l n e s s  in e~ and ~2. 

The t e r m s  with the s u b s c r i p t  e in (3.1) c o r r e s p o n d  to equi l ibr ium flow, which o c c u r s  when ~1 - % - 0, 
with no lag of  the p a r t i c l e s  in ve loc i ty  o r  t e m p e r a t u r e .  These  p a r a m e t e r s  a re  d e t e r m i n e d  [2a] by the flow 
equat ions  for  a pe r f e c t  gas  with ~ e  for  the ra t io  of  the spec i f ic  hea t s ,  dens i ty  PZe,  and enthalpy 

hz~ - • p~..' (z~ -- t) 9r~ 

When the re  is uni form flow at x = -~o, i .e . ,  when (1.4) is  obeyed,  the ca lcula t ion  for  an equ i l ib r ium 
t w o - p h a s e  flow is s i m i l a r  to that  fo r  a pure  ga s  in amount ing  to in tegra t ion  of two d i f fe ren t ia l  equa t ions  
(for continuity and absence  of  vo r t i c e s ) ,  which can be put [1] in the form 

_ _ 1 , 2  . ,. ~ f t: 
l - - " 2 - - •  " e ) T x . "  1--"e= i ff.~-~:~Ue" ~ ".- t---:-----:• -~l ('i 'z:- r, ? ) e  y z + t  0g 

r , t 

&L, Oz,~ = 0 
egg dx 

=0  

(3.2) 

Here  the o the r  p a r a m e t e r s  a re  e x p r e s s e d  in t e r m s  of u e and v e by the finite r e l a t i o n s  

~ -  I •  - -  I ~ 1 ( •  -I)  

P~ :(z"2 2 %2] , q2_ %~.+%.., 

(9re) Pe 
p~,~ ~ (t - - m )  p~e, Pc - -  • ' Te -- '% 

• 
~ e  T e h ~ ~ tle~ l~$t r =: T s g  e ~ e  - -  ~ e" tt~e r e '  ] '  

t3.3) 

The equa t ions  fo r  the next t e r m s  in the expans ions  for  P 1, P l . . . .  and P2, P~.-. a re  found by subs t i tu t -  
ing (3.1) into (1.1) and equat ing the t e r m s  to the f i r s t  p o w e r s  of  a~ and ~2 r e s p e c t i v e l y .  The r e s u l t i n g  l inear  
equa t ions  fo r  the coef f ic ien ts  to e I and ~2 m a y  be combined  as  equa t ions  fo r  Ap, Ap . . . . .  and these  can be 
t r a n s f o r m e d  to a sys t em of  five l inea r  d i f fe ren t ia l  equa t ions  for  Ap, Ap, Au, Av, and AP s, t oge the r  with five 
finite r e l a t ionsh ips  for  the o the r  p a r a m e t e r s .  The  d i f fe ren t ia l  equa t ions  can be put in the fo rm 

L~ (~)~, Ao), hp, hp~)=  0 (3.4) 

512 



H e r e  L i a r e  d i f f e r e n t i a l  o p e r a t o r s  (i = 1 . . . . .  5), which a r e  q u a s i l i n e a r  with r e s p e c t  to w e and l i n e a r  
wi th  r e s p e c t  to the  o t h e r  v a r i a b l e s ;  by  w e we u n d e r s t a n d  u e and Ve~ w h i l e  by  w we  u n d e r s t a n d  any of  the  p a r a -  
m e t e r s  p,  u, and v, o r  s e t s  of  t h e s e .  The  de f i n i t i on  of Aq; m e a n s  tha t  the  t e r m s  in (3.4) con ta in ing  on ly  the 
e q u i l i b r i u m  q u a n t i t i e s  q . e . ,  w e and t h e i r  d e r i v a t i v e s )  e n t e r  into the e q u a t i o n s  with the f a c t o r s  el and s2- 

The  fo l lowing  a r e  the  f in i te  r e l a t i o n s h i p s  de f in ing  the d e v i a t i o n s  f r o m  e q u i l i b r i u m  in the  o t h e r  p a r a m e -  
t e r s  of the m i x t u r e :  

. 'AT-.. Ap P" A o, A l l  Xl, e ( Ap _ :~o') 
A u., -- ,4,n --  ~:~ ueue', A~'.~ - :  A v -  e~u,v , . '  

• - - 1  
�9 ~. ~-.-s 2 A T ~  A T e -  2 • m 

(3 .5)  

w h e r e  the p r i m e  d e n o t e s  a t o t a l  d e r i v a t i v e  wi th  r e s p e c t  to x a long  the c u r r e n t  l ine  for  the  e q u i l i b r i u m  f low,  

the  de f in ing  equa t ion  be ing  y ' =  Ve/U e. 

Equa t ion  (2.1) d e f i n e s  the fo rm of  the  i n t e r f a c e ,  and i t  g i v e s  the fo l lowing  equa t ion  when the t h i r d  and 
four th  r e l a t i o n s h i p s  f rom (3.5) a r e  i n c o r p o r a t e d  t o g e t h e r  with the condi t ion  f rom (1.2) fo r  the a b s e n c e  of  
f low at the  wal l .  o m i t t i n g  s m a l l  t e r m s  of h i g h e r  o r d e r :  

!&'  - -  Ya'  = ~u,~, , .y~," (3.6) 

which shows  that  the  t h i c k n e s s  of the  wa l l  l a y e r  a long  y,  i . e . ,  the  d i f f e r e n c e  Yw - .x~l, and hence  a l so  a long n, 
i s  of the  o r d e r  of  el ,  and in t h i s  a p p r o x i m a t i o n  i n c r e a s e s  ( d e c r e a s e s )  on p a r t s  with p o s i t i v e  (negat ive)  c u r v -  
a t u r e  of the  wa l l .  F r o m  t3.6) we find tha t  the l a y e r  f r e e  f rom p a r t i c l e s  f i r s t  a p p e a r s  at  the  po in t  x~here 
y w " =  0 if  to the  le f t  of that  po in t  one has  Yw" e v e r y w h e r e  nega t ive  (point  a in F i g .  1). If Yw" ~ 0 e v e r y w h e r e  
a long  the con tou r ,  a s  in the nozz l e  c o n s i d e r e d  be low with h y p e r b o l i c  g e n e r a t o r ,  then the wa l l  l a y e r  of  p u r e  
g a s  has  z e r o  t h i c k n e s s  only  at an i n f in i t e ly  r e m o t e  po in t  (for  x ~ - o Q .  It wi l l  b e c o m e  c l e a r  be low tha t  the 
c h a n g e s  t r a n s v e r s e  to the  wal l  l a y e r  a r e  q u a n t i t i e s  of the  o r d e r  0(1) a p a r t  f rom the p r e s s u r e ,  t h e r m o d y n a m -  
ic  p a r a m e t e r s  of the  g a s ,  and v e l o c i t y  c o m p o n e n t  U. The  t h i c k n e s s  of t h i s  l a y e r  i s  nd=  0 ( ~ ) ,  so we ge t  
f i r s t  of a l l  e q u a t i o n s  tha t  e n a b l e  one to f ind the c o r r e s p o n d i n g  p a r a m e t e r s  to () (~i ~ - 0 t l ) ;  i t  wil l  be shown 
at  the end of  the fo l lowing  s e c t i o n  that  a s i m p l e  m o d i f i c a t i o n  to the  e q u a t i o n s  e n a b l e s  one to c a l c u l a t e  the  
p a r a m e t e r s  in the  wal l  l a y e r  with an e r r o r  of o r d e r  0 (a I, ~2). 

It fo l lows  f rom n d ~ e~ in con junc t ion  with  the l a s t  equa t ion  of (2.3) ~nd the z e r o  f low cond i t ion  of (2.6),  
a s  fo r  an o r d i n a r y  b o u n d a r y  l a y e r ,  that  V ~ el in the  wal l  l a y e r ;  then  the second  equa t ion  in (2.3) g i v e s  tha t  
the  change  in p t r a n s v e r s e  to the l a y e r  i s  of the  o r d e r  of E I, i . e . ,  P w -  Pd = 0 tE~), so to an a c c u r a c y  0 (1) 

p ('r,  n )  = p.~:~ (r) (o ~ ,, ~ '~d) ~3.7) 

whi le  the o t h e r  e q u a t i o n s  of (2.3) o r  the  e q u i v a l e n t  ones  (2.4) t ake  the fo rm 

2 h ( p ~ ,  ,o) + v -~ = 2 H (19, s (p~, ,  ,o) = s (r (3.8) 

The  func t ions  II(l,) and S(r on the r i g h t  in (3.8) a r e  c a l c u l a t e d  in t h i s  a p p r o x i m a t i o n  f rom the e q u i l i b r i -  
um v a l u e s  for  the to ta l  e n t h a l p y  and e n t r o p y  of the  g a s  at the nozz l e  wal l  (the c o r r e s p o n d i n g  q u a n t i t i e s  at  
the  wal l  and at  the  i n t e r f a c e  l ine  d i f f e r  by the  o r d e r  of el for  an e q u i l i b r i u m  flow), i . e . ,  

2 H (t;) = (2 h + U2).:e, 5" (t~) = s~.~ (3.9) 

One can r e l a t e  the  func t ions  of x on the  r i g h t  in (3.9) and ~t when we have  d e t e r m i n e d  ~d = ~d (x); the  
l a t t e r  i s  found in each  s e c t i o n  T = T (Xw) = cons t  by i n t e g r a t i o n  f rom n= 0. w h e r e  ~'.(T, 0) = ~(w, to n= n d fo r  
(2.5), the  r e s u l t  to t e r m s  in ~1 be ing  put in the fo rm 

dq. = - - c y ~  pUan (3.10) 

H e r e  n d i s  c a l c u l a t e d  f rom Yd a s  found f rom (3,6) u s ing  (2.2). One p e r f o r m s  a s e q u e n t i a l  c a l c u l a t i o n  
fo r  s e c t i o n s  T e q u a l s  cgns t an t  in o r d e r  of i n c r e a s i n g  T f rom the po in t  w h e r e  the  wa l l  l a y e r  a p p e a r s  v i a  
(3 .6) - [3 .10) ,  which e n a b l e s  one to d e t e r m i n e  l:I(~') and S(g), and the d i s t r i b u t i o n  in n fo r  a l l  p a r a m e t e r s  a p a r t  

513 



f rom V ~  el in each  c r o s s  s ec t i on .  

The  wal l  l a y e r  of  l o w - e n t r o p y  g a s  i n f l u e n c e s  the e n t i r e  f low, p r o d u c i n g  p a r a m e t e r  c ha nge s  of  the  o r -  
d e r  of  at; when the  c a l c u l a t i o n s  have  been  p e r f o r m e d  for  th i s  l a y e r ,  the  e f f e c t s  a r e  c o n s i d e r e d ,  a s  fo r  an 
o r d i n a r y  b o u n d a r y  l a y e r  v i a  the  d i s p l a c e m e n t  t h i c k n e s s  

~d 

+',+,==1 I' 0 

and s u c c e s s i v e  c a l c u l a t i o n s  for  the e q u i l i b r i u m  f low,  the p r o c e s s  be ing  p e r f o r m e d  fo r  a con tour  d e r i v e d  
f rom the i n i t i a l  one by adding  5* ,  which  at  each  point  i s  m a r k e d  out  a long the n o r m a l  n. If 6" i s  p o s i t i v e  

(nega t ive) ,  i . e . , Y w ,  then the o r d i n a t e  i s  r e d u c e d  ( i n c r e a s e d ) .  If t h i s  c o n v e r s i o n  i s  not p e r f o r m e d ,  one h a s ,  
a s  fo r  a b o u n d a r y  l a y e r ,  that  the r e s u l t s  c o r r e s p o n d  to a con tou r  d e f o r m e d  a n a l o g o u s l y  by -5*.  

I t  i s  c l e a r  f rom th i s  a n a l y s i s  that  e v e r y t h i n g  sa id  in th i s  s e c t i on  about  the  wal l  l a y e r  a p p l i e s  f o r  any 
a~, an a r b i t r a r y  r e s i s t a n c e  law for  the  p a r t i c l e s ,  and so on p r o v i d e d  tha t  the  l a y e r  t h i c k n e s s  i s  s m a l l  (if 
the  g a s  e x p a n s i o n  i s  su f f i c i en t ly  smoo th ,  t h i s  of ten  a p p l i e s  even  fo r  c o m p a r a t i v e l y  l a r g e  e~). In the c o r r e s -  
ponding a r g u m e n t s ,  one should  u n d e r s t a n d  by ~1 the t h i c k n e s s  of the  wa l l  l a y e r ,  a s  r e f e r r e d  to the  c h a r a c -  
t e r i s t i c  d i m e n s i o n  of the  nozz l e .  On the o t h e r  hand,  i t  i s  o b l i g a t o r y  f o r  ej and e~ to be s m a l l  fo r  the  e q u a -  
t ions  d e s c r i b i n g  the f low at the  c o r e  to app ly ,  a l though the r e s u l t s  a r e  a p p l i c a b l e  fo r  any r e s i s t a n c e  law and 
any mode  of hea t  t r a n s f e r  fo r  the p a r t i c l e s .  T h i s  a r i s e s  b e c a u s e  any of the l aws  g ive  f o r m u l a s  c o r r e s -  
ponding to S tokes  f low a f t e r  a p p r o p r i a t e  l i n e a r i z a t i o n  if t h e r e  i s  only  s l igh t  d y n a m i c  and t h e r m a l  l ag  in the  
p a r t i c l e s .  

4. In the c a l c u l a t i o n s  whose  r e s u l t s  a r e  g iven  be low we have  t aken  the so lu t ion  to ~3.2) a s  c a l c u l a t e d  
f r o m  f o r m u l a s  a n a l o g o u s  to t h o s e  of [4], in which  an e x p a n s i o n  w a s  used  with  r e f e r e n c e  to the p a r a m e t e r  

= l/R, w h e r e  R is  the  r a d i u s  of the  c u r v a t u r e  in the  m i n i m a l  c r o s s  s e c t i o n  (at x = 0), a s  r e f e r r e d  to  the 
r a d i u s  (for v = 1) o r  the  ha l f  he igh t  (for  v = 0) fo r  the  nozz l e  in tha t  s ec t i on .  When we have  i n t r o d u c e d  new 
v a r i a b l e s  (z = xR- l /2  and w= vR 1/2), t h e s e  f o r m u l a s  b e c o m e  up to ~ a s  fo l lows:  

u~ (z, y) = ao (z) + e [b 0 (z) + yebl (z)] 

we (z, y) = yat (z) + ey [b e (z) d- y~ba (z)l 
(4.1) 

w h e r e  the s y m b o l s  u sed  h e r e  and s u b s e q u e n t l y  d i f f e r  f rom t h o s e  of [4]. 

The  funct ion  a 0 g i v e s  the  d i s t r i b u t i o n  in z for  the  ax i a l  componen t  of the v e l o c i t y  in the  o n e - d i m e n s i o n -  
al  a p p r o x i m a t i o n ,  and th i s  i s  found f r o m  the o r d i n a r y  d i f f e r e n t i a l  equa t ion  

( t - - a o  2) a o ' + ( t - i  v ) ( l  • 1 6 2  ' - -  ~ ao") a o (in yw)' = 0 (4.2) 

which  i s  i n t e g r a t e d  sub j ec t  to the  i n i t i a l  condi t ion  a 0 (0) = 1; funct ion  a~ i s  e x p r e s s e d  v i a  a 0 a s  at= a o (ln yw ) '  

Note that  h e r e  the  p r i m e  d e n o t e s  d e r i v a t i v e s  with r e s p e c t  to z. 

When a 0 and a 1 have  been  d e t e r m i n e d ,  f unc t i ons  b i in (4.1) a r e  found f rom a so lu t ion  of  one d i f f e r e n t i a l  
equa t ion  and t h r e e  f in i te  equa t ions :  

"~e --  i (1 "I. -- 1 ( t -  ao")bo' = 2a, b a [ a o ' - : - ( l - i - v ) ~  ax]--(i-!-v) --~a:?'lb,_.,, ~- 

b~ = a1'/2 ( + , )  + 
(3 -~- ~) I " --• 4- t a~" bz~ ~ aoalba--(1--ao ~)bx'+ 

i-xe - -  t { • - -  l 
"-2a~ba[av' •  "-~ V)all-a71al';" "V)al.I + ;74-  (< + 

bz -- (bo + yw~b~) (ln Yw)' -- yjb~ 

(4.3) 

The  f a c t o r  to b0' in the  f i r s t  equa t ion  b e c o m e s  z e r o  f o r  z = 0, so the  i n i t i a l  cond i t ion  tha t  p r o v i d e s  
f i n i t e n e s s  and con t inu i ty  in the  so lu t ion  i s  d e r i v e d  by equa t ing  to z e r o  the r i g h t  p a r t  of  t h i s  equa t ion  f o r  the 
s a m e  sec t i on ;  then ,  a s  Yw' (0) = 0, we f ind a0'(0) f r o m  (4.2) to ge t  
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t -i- v 1 • § t 
bo (O) = --  2 (3 q_ v) , bt(O)=-~- , b~(O) . . . .  ba (O) = -- 2 (3 _i v) a"(O) 

{ '  + " V '  
al (0) = 0, a o' (0) = \ %  + t ] (4.4) 

I n t e g r a t i o n  of  (4.2) and o f  t he  f i r s t  e q u a t i o n  in (4.3) i s  c a r r i e d  f r o m  t h e  m i n i m u m  s e c t i o n  z = 0 i n d e -  

p e n d e n t l y  t o w a r d s  t he  n e g a t i v e  and p o s i t i v e  d i r e c t i o n s  o f  z; one  p r o c e e d s  f r o m  the  i n i t i a l  s e c t i o n  u s i n g  e x -  

p a n s i o n s  in  t e r m s  of  z f o r  a 0 and b 0. If w e  t a k e  z s u f f i c i e n t l y  s m a l l ,  we  n e e d  c o n s i d e r  o n l y  two t e r m s ,  and 

t h e  b0't0) t ha t  n e e d s  to be  added  to (4.4) in tha t  c a s e  i s  

3 -.'- 2v 
b o ' ( O )  �9 " - -  2 (3  q -  "V) a a '  ( 0 )  

We g i v e  b e l o w  the  e x p r e s s i o n s  u s e d  in t he  c a l c u l a t i o n ,  w h i c h  g i v e  the  v a l u e s  o f  t he  d e r i v a t i v e s  f o r  

the  o t h e r  c o e f f i c i e n t s  f o r  z = 0: 

3 4-2(I + v) (,re -i.. 3 ) a,' (0) -., 1, b,' (0) = a ,' (0), b.,' (0) = -- 
3 (3 .~- v) 

2 [ 3 =-(t -~- v) (• ~- 3)1 3 - -  2• 
ba' (0) = 3 (3 -i- v) , ao" (0) ~ e a/-' (0) 

9 - -  12• e -':- • 3 
a :'" (0) = 6 ao 'a (0) -- 97- aa' (0) 

(4.5) 

T h e  f o l l o w i n g  e q u a t i o n s  a r e  o b t a i n e d  f r o m  t3.4) and (3.5) a f t e r  c o n v e r t i n g  to t he  v a r i a b l e s  z and w,  

r e p l a c i n g  c i by  e i ~  c i ~ - ,  s u b s t i t u t i n g  f r o m  (4.1) f o r  t he  e q u i l i b r i u m  d i s t r i b u t i o n s  o f  t h e  p a r a m e t e r s ,  u s i n g  
c o n d i t i o n s  (1.2) ,  and d i s c a r d i n g  t e r m s  of  o r d e r s  ~2 ecjo and a b o v e :  

Ap' =: • P~o (t - -  Mo2)- 'Ft,  A p '  = • A 9' + I'., 

Au'  - - a o k p '  -7 Au (In ao)', Ap~ ~ Ap ~- F s 

Aw �9 �9 gAu(ln g,,~)', AT ~:~P P,.o Ap 
9 eo  Peo  

~PeO i p 

- -  Ao'), , :_~u - -  Ah ( •  iS!,oo ..~0{-;- . &++ = ~?o0%'  
(4.6) 

Aw~ .= Aw - -  q ~  (ao ' y , /  "+ ao?/,,/') y /y,~ 

AT+ A T  - -  a ~ • .... l "2 I ~ a o 2 ( / o  t 
xetn 

H e r e  and s u b s e q u e n t l y  Mi  2= a~PEe0/%ePe0 i s  the  s q u a r e  of  t he  M a t h  n u m b e r  f o r  the  e q u i l i b r i u m  o n e -  

d i m e n s i o n a l  f low;  t h e  s u b s c r i p t  z e r o  i s  a t t a c h e d  to p a r a m e t e r s  w h o s e  c a l c u l a t i o n  i s  p e r f o r m e d  f r o m  (3.3) 

w i t h  o m i s s i o n  of  ~ and ~.i th u^ r e p l a c e d  by a 0, w h i c h  c o r r e s p o n d s  to e q u i l i b r i u m  v a l u e s  f o r  the  c o r r e s p o n d -  
i ng  q u a n t i t i e s  a s  o b t a i n e d  in t~e  o n e - d i m e n s i o n a l  a p p r o x i m a t i o n .  T h e  f u n c t i o n s  l-i in t4.6) a r e  

(Ap - -  A9+ ) !pr .~oaoao'  ~ (Ih 4- (:b,, 
J 

_~,, 5 (z+ - I)'- (i - -  m)  
I ' t =  [ ~ .  - -  mA0 - -  (l - -  m) A p ~ - - 2  . . . .  

�9 " (10 l i ' l ~  e 

~- mAo -~ (l  -- m) A%] or.eoaoao ' I-~ = r  - 12 .-7 ' ' 

~,~ \ __ a0,, T (1 __ :V&D 5 ; L l  = %+t(1 + 
q)l = q:~ (1 -- m) (200 '~ -:- aoao ~) ,o~coa o 

1 -- :..,. 
(I) 2 = ( t - m ) ( t - •  q:ao ' 2 " 8  

If ri(o) ;- o, the right part of the first equation in (4.6) becomes infinite in the section z = 0, where M 0 
= 1; therefore, as in the case of t4.3), we have to put F+(0)= 0 in order to provide a bounded and continuous 
solution, which gives a boundary condition for the integration of (4.6). The other boundary conditions are 
formulated in accordance with (1.3) and (1.4) as linear relationships between the Au, Ap . . . .  for z=--~;  for 
instance, it follows from (1.3) that for z =-~c we have 

Aus: Au, AU,s~ Au:, AT I=-= AT 
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In this  approximat ion ,  these  equat ions  a r e  m e t  au toma t i ca l ly  by v i r tue  of the last  th ree  equat ions  of  
(4.6), s ince in these  c a s e s  we lose  the added t e r m s  s tanding on the r igh t  in these equa t ions  for  z =-r On 
the o t h e r  hand, the r e l a t i onsh ip s  fol lowing f rom (1.4) a r e  not obeyed ident ica l ly ,  and they give the t h r e e  
lacking boundary  condi t ions  at z = - ~ .  The solut ion to the r e su l t i ng  bounda ry -va lue  p rob lem is  diff icul t  
to obtain,  s ince the re  is one condit ion at z=  0 and th ree  at z =  - ~ ,  but it can be c a r r i e d  through,  as  is done 
below, by subst i tut ing a Cauchy p r o b l e m ,  which g ives  the lacking boundary  condi t ions  at z = 0, fo r  ins tance ,  
by putt ing he re  Ap, Aps, and A u as  ze ro .  As  a r e s u l t  we have 

A p - ' "  A p s =  Au = O, Ap  = - - (q) l  4-  cl)2),/Xea ' (z = O) (4.7) 

We m o v e  away f rom the sec t ion  z = 0, as  in the case  of t4.2) and ~4.3), by us ing s e r i e s  expans ions ;  
the fol lowing equat ion g ives  the de r iva t ive  Ap, at z = 0, which is n e c e s s a r y  in a c c o r d a n c e  with (4.6) and (4.7): 

@' = r,,,2 (t A-"ze)ao' 

where  all the quant i t ies  a re  taken at z = 0, while 

r, = ((1--m) [i + 8 ~ ] t ~ % - - •  a o ' - - t D l ' - - t D 2 ' - - • 2 1 5  'z 

O l '  ~ e l"  (1 - -  m) (Sao'aS i- ag'") 
(I - -  m )  ( •  - -  1 )~  

O2'  = ~ x  ~ ( t  - -  m )  ( t  - -  • ' a  " ' [ e , : a , " ' 6  + (2el ~ ~ 5e2~ a~'a:] el3 9 Y ~ tn~e 

~ s  = s ~ [ ( i  -~- V) (a l '  4-, ax 'z) "-  a , " ]  

The va lues  of the d e r i v a t i v e s  a0" and a0'" at z = 0 a re  ca lcula ted  via  (4.5); it is  r ead i ly  seen that all 
the quant i t ies  d i f fe ren t  f rom Ap, Ap, Au, and AP s in the d i f fe ren t ia l  equa t ions  of (4.6) and the ini t ia l  condi -  
t ions  of (4.7) a re  not dependent  on y. Then the o the r  r e l a t i onsh ips  of  (4.6) imply  that only Aw and Aw s a r e  
dependent  on y, while the o ther  t e r m s  a r e  funct ions  of z alone.  

Of cou r se ,  the va lues  of the p a r a m e t e r s  at z=  - ~  obta ined f rom solution of the Cauchy p rob lem do 
not sa t i s fy  the condi t ions  of (1.4), and these  in that  case  a r e  used to ca lcu la te  the c o r r e c t e d  va lues  for  m ,  
the c o r r e c t i o n s  being of o r d e r  %~ and a2~ toge ther  with the c r i t i ca l  ve loc i ty  q .  and the dens i ty  p.  of  the 
m i x t u r e .  The l a t t e r  a r e  found f r o m  the f i r s t  two equat ions  of (1.4), as  wr i t t en  as  

• p q2 (r. e -~- l ) q ,  2 p q,'Z 

(ze--:--~)p~+ 2 - 2~•  ' (p,.)~ x2.xe-1 

We now show how one can take into account  the c o r r e c t i o n  of  o r d e r  0 (r in ca lcu la t ing  the p a r a m e t e r s  
in the wall  l a y e r  with ha rd ly  any change in the r e l a t i onsh ip s  p r ev ious ly  de r ived ;  in a c c o r d a n c e  with (3.7), 
the p r e s s u r e  in the wall l a y e r  in this  z e ro th  approx ima t ion  is cons tant  and equal to the equ i l ib r ium value at 
the wall;  i n c o r p o r a t i o n  of t e r m s  of  h igher  o r d e r  of s m a l l n e s s  g ives  

Op / On = pU2K 

where  K is the wall c u r v a t u r e ,  as  in (2.3). 

If the nozzle  has  a suff ic ient ly  smooth  con tour ,  the c u r v a t u r e  at any point  is  of the s a m e  o r d e r  as  
tha t  in the m i n i m a l  sec t ion,  o r  even l e s s ,  so K ~ c ; t h e r e f o r e ,  taking into account  the th i ckness  of the wall  
l a y e r  (n d ~ cl), we get  that  the d i f f e rence  ( P w -  Pd) is ze ro  a l so  in the next  approx imat ion .  As a consequence ,  
to i n c o r p o r a t e  the f i r s t - o r d e r  t e r m s  on the r ight - in  (3.7), (3.8), and (3.9) we have to subst i tu te  for  the quan-  
t i t ies  with subsc r ip t  we the c o r r e s p o n d i n g  p a r a m e t e r s  on the sepa ra t ion  line, which a r e  found i n c o r p o r a t i n g  
Ap, Ap . . . .  and the d i s p l a c e m e n t  e f fec t  of the wall  l aye r ;  the las t ,  and a lso  the Ap, Ap . . . . .  can h e r e  be ca l -  
culated in the o n e - d i m e n s i o n a l  approx imat ion ,  neglect ing quant i t ies  of h igher  o r d e r .  As one has  to find (,~ 
- Cw ) in o r d e r  to d e t e r m i n e  U and p with a c c u r a c y  el inc lus ive  by employ ing  an a c c u r a c y  el 2, the Yw in 
~'3.10) has ,  in a c c o r d a n c e  with (2.2), to be r e p l a c e d  by y =  Y w - n  cos  (r; then Y~l' and hence  a l so  n d, a re  de -  
t e r m i n e d  by combined in tegra t ion  of (2.1) and the fifth and sixth equa t ions  in ~1.1), in which one subs t i tu t e s  
u and v ca lcula ted  fo r  the core  of  the flow with a c c u r a c i e s  e~ and e 2 inc lus ive .  Final ly,  V ~ e~ is found by in- 
t eg ra t ion  with r e s p e c t  to n in the las t  equat ion in (2.3), which can be given the fol lowing fo rm in conjunct ion  
with the o the r  equa t ions  in th is  sys t em:  
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"-~ ~ = cyw~p2U ' d$ "}- U \ a $ h  M~ r'Pwe ] 

All the q u a n t i t i e s  in t h i s  equa t i on ,  e x c e p t  V, a r e  t aken  in the  z e r o t h  a p p r o x i m a t i o n ;  V i s  z e r o  at  the 

wa l l ,  Joe.., f o r  (~' =: # w  ) , in a c c o r d a n c e  with (2.6). 

5. The  a p p r o a c h  d e v e l o p e d  h e r e  h a s  been  a p p l i e d  to c a l c u l a t e  the f low of a t w o - p h a s e  m i x t u r e  in an 
~x ia l ly  s y m m e t r i c a l  h y p e r b o l i c  n o z z l e ,  whose  shape  w a s  s p e c i f i e d  a s  yw = t l  ~ 0.2 x 2) I/~ which  c o r r e s p o n d s  
to a = 0.2. The  shape  w a s  s y m m e t r i c a l  about  the  y a x i s ,  and fo r  i x i ~  o~ had a s  a s y m p t o t e s  s t r a i g h t  l i n e s  
wi th  l y w ' l  = ~:~-; the  c o n s t a n t s  in the  e q u a t i o n s  w e r e  t a k e n  a s  ~ =  1.2, 6= 1.0, m =0 .25 ,  and q~J= ~zq= 10, 

which g i v e s  e l=  ~'~= 0.1 and y~e = 1.125. 

The  c a l c u l a t i o n s  w e r e  p e r f o r m e d  with an M-20  c o m p u t e r ,  i n c o r p o r a t i n g  the t e r m s  of  z e r o  and f i r s t  
o r d e r s  in e 1, c 2, and a fo r  the  c o r e  and the wa l l  l a y e r ;  the  d i f f e r e n t i a l  e q u a t i o n s  of  (4.2),  (4.3), and (4.6) 
w e r e  i n t e g r a t e d  f rom the s e c t i o n  z= 0 by the R u n g e - K u t t a  m e t h o d ;  in t h i s  c '~se ,  the  wal l  l a y e r  a c t u a l l y  a p -  
p e a r s  at  x = -o~, but the  c a l c u l a t i o n  a c t u a l l y  began  at x 0 = -  1.0, w h e r e  it w a s  a s s u m e d  tha t  n d = 0; i t  was  
found f rom a n a l o g o u s  c a l c u l a t i o n s  ~4th x 0 : - 0 . 5  a n d - 2 . 0  that  t h i s  cho ice  p r o v i d e s  an a c c u r a c y  qui te  suf f i -  
c ien t  fo r  g r a p h i c a l  r e p r e s e n t a t i o n  of the  r e s u l t s .  

F i g u r e s  2 -5  show s o m e  of the  r e s u l t s ;  in F ig .  2 the s c a l e  on the y a x i s  i s  twice  tha t  a long  the  x a x i s ,  
wh i l e  the  x a x i s  i t s e l f  ha s  been  b rough t  into c o i n c i d e n c e  wi th  the l ine  y =  0.5; t h i s  shows  the nozz l e  con tou r ,  
the  i n t e r f a c e  (b roken  l ine) ,  ~nd the l i n e s  of c o n s t a n t  Mach n u m b e r  (the c o r r e s p o n d i n g  v a l u e s  a r e  g iven  a s  
f i g u r e s  n e a r  the  c u r v e s ) .  The  Mach n u m b e r  M= q/~z was  c a l c u l a t e d  h e r e  f rom the speed  of  sound in the  g a s  
a= (~,p~p)~/2 which d e f i n e s  [4-14,  20] the  type  of s y s t e m  in (1.1). In th i s  c a s e ,  the  r e g i o n  o c c u p i e d  by the 
p a r t i c l e s  h a s  a g a s  speed  rand e s p e c i a l l y  a p a r t i c l e  speed)  that  r e m a i n s  sub,~onic v e r y  f a r  into the  e x p a n d -  
ing p a r t  of  the noz, z le ;  on the  o t h e r  hand,  the  va lue  uni ty  i s  a t t a ined  n e a r  the m i n i m a l  s e c t i o n  by q/a Z, w h e r e  
a E  :_ (~,ep/pz)~/2 is  the e q u i l i b r i u m  v e l o c i t y  of a sound in the  m i x t u r e  ( th is  m e a n i n g  fo r  a L a p p l i e s  on ly  fo r  
t hose  p o i n t s  in the  f low at which t h e r e  i s  no t h e r m a l  o r  v e l o c i t y  l ag  by p a r t i c l e s ) ~  

The solid, broken, and dot-and-dash lines in Fig. 3 represent the variations with x for the nonequil- 

ibrium terms (A~p), the pressure, and the axial components of the velocities for the gas and particles re- 

spectively; the maximum difference U-Us= Au -- AU s occurs near the minimum section of the aozz]e, which 

corresponds with known results from one-dimensional calculations. The above analysis shows that in this 

approximation the incorporation of the particle lag effects is also essentially one-dimensional. The values 

of Au and Au s and also the velocities of gas and particles at x-- -oc tend to zero, while Ap (--oc) = --0.13. 

Figure 4 gives a more complete representation than that of Fig. 2 for the nonuniformity of the flow 

in the wall layer; it shows U varying with n for various sections of the nozzle (the numbers on the curves 

are the values of Xw). In considering Fig. 4 it should be borne in mind that U has been referred to the crit- 

ical velocity of the equilibrium two-phase flow. The broken line i~] Fig. 4 corresponds to the interface. 

Below t h i s ,  the  l i n e s  g iv ing  the d i s t r i b u t i o n  of U in n fo r  T = cons t an t  a r e  a l m o s t  p a r a l l e l  to the h o r i z o n t a l  
a x i s ,  which  i s  due to the s m a l l  n o n u n i f o r m i t y  of  the p a r a m e t e r s  a t  the c o r e  of the flow. T h i s  i s  c l e a r  a l so  
f rom F ig .  5, which shows  the v a r i a t i o n  in M a long  the s3~nmet ry  a x i s  ( so l id  l ine) ,  a long  the i n t e r f a c e  (dot-  
ted l ine) ,  and at the wal l  ( d o t - a n d - d a s h  l ine) .  O the r  r e s u l t s  [10, 11, 14, 21] c o n f i r m  th i s  for  the s u p e r s o n i c  
p a r t  of the  flow in a L a v a l  n o z z l e ,  and a l so  the m a r k e d  n o n u n i f o r m i t y  in the p a r a m e t e r s  n e a r  the wal l  when 
t h e r e  i s  a high p a r t i c l e  con ten t ;  thi s n o n u n i f o r m i t y  d e c r e a s e s  a s  m i n c r e a s e s ,  i . e . ,  a s  the  f low of p a r t i c l e s  
d e c r e a s e s .  
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As a two-phase flow gives rise to a comparatively thin wall layer, one naturally has to examine the 
roles of the viscosity and the thermal conductivity of the gas, which have been taken into account in the above 
model only for the phase interaction; in fact, these dissipative effects are important only near the wall, 
which is the reason for the formation of a viscous boundary layer. The above analysis for the flow in the 
wall layer of pure gas applies only when this layer is substantially thicker than the viscous boundary layer 
formed at the wall. The thickness of the latter is determined by the Reynolds number, which is a dimen- 
sionless parameter independent of the dimensionless parameters characterizing the phase interaction, so 
both situations can arise. 
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